This paper explores the applicability of a combination of exponentials to the valuation of guaranteed minimum death benefits (GMDBs) embedded in variable annuities. As is well known, the class of combinations of exponentials forms a weakly dense subset among the distributions of all nonnegative random variables. Moreover, explicit pricing formulas for various GMDBs are available under a simplified exponential mortality model. Motivated by these two facts, we first approximate the future lifetime distributions by using a combination of exponentials and then approximate GMDB option prices. Comparing with the numerical integration under the Makeham law of mortality, our numerical result shows that the approximation can be quite useful.
Introduction
Variable annuities have gained a great deal of popularity by adding investment component to insurance contract. Although there exists a potential investment risk due to equity market participation, variable annuities could have attracted investors by offering a variety of minimum guarantees. The most common and traditional is the guaranteed minimum death benefit (GMDB), which provides the investment protection at the time of policyholder's death.
To be more concrete, let us denote the time of the policyholder's death by . In its simplest form, the GMDB ensures the death benefit
where   and  denote the account value at time  and a predetermined level of protection, respectively. If  were a constant, then the latter term in the right hand side of (1) could be considered as a put option payoff and modern financial option pricing theory could have been directly applied to obtain the GMDB price. However,  is a random variable. Thus, as early as in the late 70s, Brennan and Schwartz (1976) and Boyle and Schwartz (1977) proposed that the GMDB be evaluated as a conditional expectation of the celebrated Black-Scholes (BS) put option price given , while a life table being used as the distribution of . That is,
